INTRODUCTION TO STOCHASTIC PROCE!

R-KJ_CCX.\\. S b«v\ "g - Jolue &

C O\r\é S~

s = mep Sgee on
U"\A;Q(\\‘a‘\‘\[& ? rb‘:q\oL\;}\j\ SEa e B fe ek ,&
EXO;M'Q\L "

o Real- woloe s V.
K— .(L—-

X

> CL.}\
- T:ru‘;a_\aL&'\*-sev

s
—easole own S

—Ir\sfu-\.bd{-\‘a . S‘-’\’TDQ& we wark Lo ng?\e %w« Ve dogirboGon

T & = Teob Cx == oslng  ATLND

gt{_x \_ o C—\\QNQFQTQ‘\CQ-: U"\.\g E-O;\l \)&Lr\x
Step 2t Tona t (oD

X

Ca~d O

T(o\o Q\< =0

= ((7}0‘9( > < Fx ('1“33
= \T_X(.C«S')
;\-\&(‘L—%ora W By co.se

= Lo \)
K_\> -

Pre onilorm Qictribition Cvt_e,\segjdc
w~easure > on (2

X (csd = F;(\ (s

N&i _If-\ (‘eqk\¥x> Traba\alb*a STQQQ INas a s Q_Kﬁ‘r'\ﬁr\k-—; & - q\lQL’rQ

F of sobges va L wWhen dekine (Whal @vends e on X;\r\d e

Vre\oq_\nlklbe_s ,{—bc —1:\ ‘“(\'\g couTSe.  \se \,\,;\\ LQV\DVQ *H,\-\g Lewe L Q,g, {:\ab\".

Dq_gc\ % A g’C'QQL\c\gt(c K)cbq;e,is Wi slatte BTO\CQ_ % s <=

. LeT }
Skeke_ak J

%OLW\'\QKR of% 2—ug\ue,d (o~dom vanasles (~\exed bﬁ “rme_te |
CL Xﬁ k
Bl &

i~Aex S <

Nis=vo s

>
<

LS G —2 —uvaloed (a~don~ \)ch."*‘DLQ
UlE w2

Kot = X
X (£, %rq %.'\yQA S s gow,\,(;\c fo\‘ev\“ ore  yvealizaGon’
X (s esd) N— X

1. Introduction to stochastic processes Page 1



4 oo ses BN
x e X
_% Alsec o Se

Le< T- dieceeke eR. +H obs Seen (n Sl\t(v—\

A—ca-{tﬂ,v\_obug
e -q NO\LT\r\z Te og_ N

d \’\E\\ ac vwal accwedl

T—Cm\t\woﬁ Q,j_‘lﬂt &0\33 °f€’ N\ass = at< gj ur\%;r\ig\\ié oodlcad
t—cﬁ\{ t as Tlie~a =

A\‘ttc‘q’t{,\b A todostTe Protess s S¢ZuQr\c{—\;o\\uQ<\ Q&\SUQ_Q_T\ av
C. —%Ul‘\c—ti.o\.\ ——\ICk\ue_A Lc,ur:timeus—“

(o~ Ya (‘\Q\.(o e .

—_Y\\L é;\%&(‘%u \a.q,&t\,\akr\ cu C.U. Ond o g,?. s U\‘\\M\Xx@t&m\\

2_5.-\0&— ‘Cgc A~ OnI=IO O C&-L S

Exiuq.bb;é. -+ ‘AObS [N \_ab{yvx7 h

W

A\\—N\X_ (_Q_,%?QV\T—L _t\,\‘\\q_ ()& gﬁ\:g ? )
}%ww w2\ %&UN d—“‘?ﬂ\&. o~ T(‘Wr\b

N D\SJ@\-\ Ubg'\ O&(_ SSWQ/\L OOCL—) CaL MQ(\‘H\;%(DMM\J
T Voo

¢ L O0eN oA

w

\& SNy Zwe_ut €-\~(;QI@>
uﬁ/ Lbuméoxrn / QSO\JL/ Cenle QuerkS
Boo o dows  bofRer ovoflow”

?}-'0\90»\9\\1*& ug- wo{(tiv\x ISP VI W N "

—

o= Bemeooorit

Vo rodises  Same basic clossex of{» S dn

?N(&,&%Qﬁ)
- \J\B'b_\_;&)m e ?0\&::\-\ ?rbk.c_SA LL{QE Z/&B

D % Av %_o_r(\ouu\\ \2>o<s_’>> s e S

2~ Ca_ 5% L.L.A,
%&\3\&\3\\.& oA nn sas_ a \-\a s EX ’(i

‘Fr C Xb - \3 = ‘3 Lo\ch\re\,k/SUCLQ\B/ \"\'QQ.LS)
PeCxi=0> = (-p

= oL Aigece e - Tine ; dilcsoeSe g?au\ s, (’f'Ou—ss

S pessible  sample pavl X Lemd (9, 0.\, 0,\:\,0, =)

1. Introduction to stochastic processes Page 2



%{__?@cg e Otr\t\.\‘7 e e ‘?(ﬁ?-&)\_b\@ Q% Desroolly Ceowsy, e es

:R«'rs’c e Rews favg W ComrNovek Yoo ?ru\aq\a&;}ra %@@@»W)

—Q‘—br I.‘C .
( Tor ek o the womte we Wi\ rek medion the ?m\oev\;‘\,&}va P

ANA S toe~e k(e (S ovwe  (a e bo\q,\cz?mn& (Q)cgp_(:\v sl el

skecc ComParies slooda, Procans <) _N{_’?\DP‘Q Tls s = qu& ?\qu_

[® \30\\0’\ oSS ur\wg"co.-\&u\& o~ \H’\-Qr\ S H\\,\ (\Qk- 1:3(‘\(\& L\t, g;\'>

Limolele. Rerrauln pProwss Scwv\pb\ r\')ok\\S

™ NNTLAS T

Q \c\«)w o\ & e

AI\S P SUKYQSA we_ Nad cceess e o ? “osed Cai.
—> ctg'c = \ \i, (o~ Com=e s ¢ @(-QQ&S
o Stecr i s

. (o= (o560,
— X(LAL‘S—\ = S L‘%\\c_ gé&\c‘g‘l mo‘(?‘s ¥
> = (D,\0,0,.-)
K
S« O = o,k (SLZ—"G\QD o~ Os\)
w =

TRl pesdade measure of

Pas 2z @ Use M ema®

Coias Recngoll

:%‘Of‘ﬁ:ﬁor\
- 0.5
> S = (oD eq.: P=O
. o= LO\ ,0-’5'5’0,%;5.7_)_)
© oONNareR Se_ X(';w3=(_0,03\>°>.,>
™

S < = Lo, ( SeEeees off LoD D
W =

JV\\-L v(‘b&)@\t‘ N S e_ c_)£ -V Onl%tb)a

?mi-erti-{b oﬂ)( (\S{f‘\-ﬁu\\:\ ?rbgq__s_s

& \(\)\l\q}z‘ é;c»{_g O o i—wr S —SQ&T-Q\&S\\@\:&-\.’\

7
/i'_ ,\(\\ %-\r\\_bL tob zess &X & X(L, UK L“\ GCe_ ‘\r\&:{;g\-\i@\,‘c.

Q' These cce. @\ad o Flatse Wterkrsional WigsribotFens

Q%. D)

@, . L,‘C_ l&\, be Y Tvme D%« ;B\ occcwe . -D'\s%r\\sutw\ o;e Ae\ 7
A Gesemetme (O Oonlb = ™ = &%)

D DsnmuTen ok N S #E R ormvats by Gea ©
s Bine s LR T =D = () P~ a3

1. Introduction to stochastic processes Page 3



Beocaadt proass s an

© ndapedad prsw@ss O Ua(XER K g L G SRD
=V (X ¢ SO U (K, S - (?.D\ka_l\és %)

(@ $[<_O~tu\@,\rk.\ PSS
o9

?xkxd\*tévk\ . KLZ*KSx" L) = ?J\ L)(L\é_"l'\\ >X£_2_4-— %, =___>

((.Q- %-A-&. Gee noogionk o S\\'\,‘Q;t,;r\& e T

l\' - AC.—\

o

‘D‘Q_g e . =
A
/R S & tmﬁ

L™ e cocreiuel Tleme L

& Whok & Bl AR LSTon D)‘%‘V\\a— e {,ZJ(
A LA Geon (P

—_—

Theredore , Bernoolle prowsses  defing o Cengwed Prowss

AT N %{o\"\ Q 'K)\ e o envadl AR S

LUs eT) e Sosoiadnc poscass
X L roue ek

%’- {X ?\WQL el
U L h Gndoe corniue t\' ree >
=N

INAS CooadN Nl nomoor u,% o(r'\\ua\‘s/("“if\ﬂum\i'

\{\]Q_ \'\CX\IL S e~ ?) c\o. s se o_% SSCQC_,\-\ K\DroLLL%%-Q%. ’;D\\\:\:\I’\mi AR WL LS

0&_ Qe Lw?cr‘to\mt oA, TNLLSSO vl =N\ A Coonimer -

\. —._Y:v\é_{r‘-ﬂ&\&%t Y—”'DLQSSiS

2. 3E°~t\5m0\(‘h§ Prxasses

2. R e rans el ’\900 o Sz e

&L Moarsso Tee a3 res o Markkoy (Ghouny when sl Spacae ts
Alscrets 2

g. SQKV\\- - Mo&(—\éou ?C‘o a3 Sey

. Roewdonm \Pell=s

NO\C&_.- N\ P PSP e &/’\.S-\Q\'& c\eSses

<- A AR TN § Ceotasses ofe o on~ eal=g
2.3 Mockow processes conl be staTonaly ©f w\on—ﬁtomr}.

1. Introduction to stochastic processes Page 4



DISCRETE TIME MARKOV CHAINS (DTM:!
Thea '&LN\Q\.Lgt Gnd st impertonk Mm-\h& ISSNN

%;— A Qdiroeke Kz TNocdesy ddloonm s o sascas o Tmu._‘s’g
{}(r\ ‘.(\C—JZX <.k.

i ( farN <\ Xaef XX = Ty 5 X6T *o
- (X = <\ v 3D &Y\O&(‘\é—m\) ?‘Q’?&“&\TS
Qb&gq\\a\ = ?Lﬁ (g(cqt ch'\bb/

TLN\Q_ \'\u“r\u Q“Q—.ﬁ
o oA L (e Tu S
'D‘Lﬁ(‘\ —\\v\-&mo\*c"\x \ -—L?;_S - K \
(\72,\ T

-
Va2

€S calle d ‘k\\& f\>cb\=c\\olk,.¥x "STCG\:\%L ST, o RV

S ek v Pee oSS p f\’t%‘aa\o'\b*a in > Yonsilion
~ .
T - Q. Q X =3 A X =

N

A . [l: 3:-{_&.» WQQ_S — As *\f\'\s A_.Q_r?-q\};fd\& S M\-\QIQ —%\N\—LN( QA\\é,Q\T\IQ'\

o\ Y
R R A P
LA - SR N &%Q\Q\éwufﬁ G QZ"’)
<
Q\q-‘; —~C -
- .(_'\—\j \Q ol oV
Z ?"“ ?\‘S & 7 C'F-crwckr‘é‘ ¥ QJY\B
e = gt
- U ,
(e “ A
T et notatllion -
a ~ > _ ™ n
? —[/'\D;'\& - ? ) ST = 50D T
Ao utten atc Ly asrcibsbon ak =0

C=~

EXQM;\,\.‘Q_‘: D Kee- seaxe O\

Y = \ '\§¢ O (onnd Dr\AQQ ~

©~

= 0O does T (oun ™~ A;O,LQ o~

= EN

?O\ s - QL NS

e S s
=)

2. Discrete time Markov chains Page 5



Eagl = Show oNon L~ Q__t': o §

QY ~ AR o~
F B ? - o~ oc(\-o-wD o —oL(\~o-\D)
o= O ~ v
N o
s - (Ao o \m (\—o-v>
o\ O

1‘—\ ‘\’\'\'\5 Q,Qg(‘g{) e AN\ T(\W\Q,.c‘\\a R~ U\JPSQ\\)Q \,\-.\‘\)\4\

“e\\& \\-‘(‘f\.\.t‘(\g ox LD‘\LLQ('M \:>-Q_X\0N~ur ng ga%x%_«\&
N, T

n S

Tor s @xonemp\RL - & \\memk\< A
[Cap) 2
&\"“'\ ? = /°\—‘-\: R*La‘\ (oo ose
~—>o0 b/q__\_‘a On/o\*_ CA.:J{CQ:J\

S Ve Qo< “Y\f\\& so\Q7
A @ hece Lo o Km\t\,\& probals uk;\b of( \oagr\$ i~ Qadi~ Shate

A The LKk~ coba bl cdaete of T Wi
AT Ny L rdege X R
?—Dr The ceskt Di- Vi Weltde e v\ ke wiecested i~ OJ\S\:—“QF'V\S
Cg Whak OCQ?QSJC\-QB OQ \ &\JCLFO«\%QQ
QH ‘_\L_L;; PE‘Q QX\%(C,

@ [N ‘P = 3T, L Le. 'U\Ag_?sq\é_\ﬁ-‘\t DEY )

N
~N s>
> Y] Ls s n~-2ece Ny

Tiese el A\ cos~ndar —%Lc\st,e_ skake. ©TIWLQ

\ heen (r\‘%\@\w stoNwe DINCs

2. Discrete time Markov chains Page 6



L\\’\\‘T\\\sc\ BENAUOR. o Spse ONYC s

Le_\c O CQNS\A_U \:\\\'\tx}c C O~ QQ DS~ 3

[SaRl

@—l ’DD \ivv\ ?\_5 Qs 7 Aes \i’e <
TSN —
C_% _X:G-\AL?-Q‘\M bg( sacrk S\CQ&Q A\\S : NO

T B QXOLMV\{) Thae ©DTYAC & o WredodbWLle .

(r-\)

Vet + Skelke < s onleess sla j(rorv\ skafel ¢ L:'\%- ?6375 ;Qor‘ Some.
.

D § L Ukokos <2 s RO o - Cte—? '55 J% Tesg ace_ocassibsle
fwovv\ cacl. o¥hael

%: A otwe ce Wredo e '\Ji( o\l  Ucafies CormemaniceSe YN

o\ YR

A
T sowm\2 2

el chiniie <) LU
A

L~
@ \)Q v ?f-ls gl 7 Des * N0
O\ DD

’Xr\ "P\v\pg obeve ‘ongv“ka, e O T e T S e&_ﬁg_ .
\

%o’t QXO\“\?\'L 2 (s N as =ad oas -e_xc\w\?\k'k_. Consid e o wealer

[N P X‘co\tlcm&rcé\ Aex AbLstGan

Defat 5T = (5T, Mo 75D i seid s bea SeilSemany
Alexcibols &) &—o«* VO~ < li——
SC = >C- ’\j O Z BN g

622(4\_) g ST. = 2 sC.Tu-

2. Discrete time Markov chains Page 7



@ . \4\\3 \\ LlcaT o 0&"&‘ 7
/_5_\*/2 —E% we choodte XD = ST and Lawe oeel &t{r‘; ace. & (\>;
_\‘t\QV\ X\ ~ DT .

Anctrar oy Yo defie SEa meary SENeh tx rsegn W Ties
N N ' C_ 3\ -
C:_;L_c;q_g_l (=Y 3D \\Qrﬁk{

?$ = (Com L_
t> e

c
r\f-'-Zo ]]—{Xxj'ﬂ

-;—Dr N T\ e~ Q><°\‘{V'?\.Q, Z} L\/L y?,ﬁ = -‘(\\Q ot\"jue S“:S,{_\b s U A\\‘&_.

—

e o Toc o f('\r\‘\‘@& scave. oYW
Q\> L€ C‘Q_Q_\) N\ ’\\:\AVQ :> o N\Z"t S‘tc{t: [=YaX= Ny Q A«i&*c N .

QP—) \_‘(“Q.é-og/\\\o\_\\,ﬁ 5 0\’\1{(“\5@\(\¥‘Q :> \'\ rt:\.tw\z Adrib Q><\$‘<3 &f

t\ﬂ\\Tit\ﬁ — Ssc,q'(‘\c‘\Qca
acsk. Ak

I

o, o 3(@‘«\&\ ?mofv,- \7\-&&52_ (e.%gr{b g sko~d o '\—qx»b .
o can \QL L howvy \D‘Q (\DT\A\S '\Y\'\G\* _\\'\Q_ Sicxxgy\ogr'k A«s“t NS ‘\T\\Q
2 neeA A Sheewe ¢ Llredsalsilty T oThe molT pliay ot \

oS oe Q;\Qe(\wex\og o AL

S orR@E Trax X,‘X S e onigre CIRRE Qigenvessec \’“\T:\q :,’3?
@) Con~ e Shoun~ 51 f{«g‘q &vkuir\i RS b?eﬂ&d‘\_b ek sak >
= 3t o oee foc tome EPO iy oo
New xCave Nals coloemns Ofv ‘?Qh) A\ Convady > Scalea
O Seacscy (%‘«\L N @K"‘“\‘ﬁé‘“rbx 5 immecvk@\\\\i i

DE gr\ 2 B DTAC s Sa\ = e X&,QO\&Q gk:o:tq_,‘ f%

AY\\Q RSN ol <ceake & Choten~n oce. o e %Ea_lcibmc\‘ Ak

2. Discrete time Markov chains Page 8



Ntr'vf; © Q—Q.cm\\ N &t\aqtbr\ jibh deak Qr\o\\‘a N S

T 20 Y ?L&
5 .

s Qc‘ue:t;or\ e vala f@r SN Pretess rols PSE TN -

S MSL’C\ = H Ncomas®ans oot °f< skske NI - gbe_?s
ML& Ly =

H# L= l ’k‘(‘ogt\%ft\ o~y I t %SCQ_KD 3

Q- Teo \cxrxﬁ con | N> - .;ZNL'\Qa\ be 7
Des b Ak mose A Com aok <kt |

Llolce v ook o~

=3
Se L N e - > N (0 <
¢
> RS NN S b W B2 U<>> < N
< - © oL = =
’3—:&? - O LS = ST aen lkm Dg© = ?“Q Q.
e T e N
(9}
oo - <=

= 2R

R e %
- v o abLils&e
q\q\'\s S ol QX%P\QD.% C gq«\?\& ?G“\C\f\ LOLN { ?ot S SV~ ?‘U o~S

Kook o NsTead o% QL‘\DD%\r\i ok & L \We can Drooe any)
Tmﬁbmf\ A - PSQ

of T dmse %\)e\c_&.
VN (# NN, — AN ShA =\
——\-m%i-b o~y "Vf‘a\r\%-\b o>
%'\\r-cs

(

< < S S e
Z_ T 2 Sy 2 =, 2. Vi
SN Ne AT SE AT e/

2. Discrete time Markov chains Page 9



o<+ VTR RNT, - SIARS YWwWCs

L 1S S I C‘\ BT W Ao\ 0=

Q  Ace G\\:Q_r\o&;cf*a a~a \rre_é»oc_‘\c‘xk_l’ra eneu~ %\N‘ o - skae”

Conshar e —%o\\o\g'm& (ageniodi +icredochle) I\

° ° <
i ') TS

~ SELCOE G
Ny -

‘DD k'\ﬂ\'\tif\x ?rb\as e < S '\%.
PO, we Tdafc o’%“ o e

De Y
27 {D — \/Z Z
D <Y, — Xes

e %bc{tior\o\&"'k RUNES o T I
= 5T = W, C?/‘_v)

\IQ € Cco. So\wve —%—or

5T 4 e = ¢G> 3
TP = TP = 72 (Y = Fe(Ve)
o\
TC(. " = TC{,«—\ Lo = = 5t~'L,L.‘<7“(’5 = % &"7\"?\
-\

— 2
Z‘TL =\ =5 T 4 =[\—'v T ArQ? )A____
- _

- S \3&'\:\1
L
W
SowA éx\:—&r&es '\i_ v = \/,__

/\—b el o cdeord  =a - DeaXe OTIMA [ , vwe weed Ao vndersicand

ANA T COrfente irme S .

(e cuite~ e ?FQ‘QC{,\‘D'\. LR es

Dc&r\ T Reccoccenmce ?rss ab\g 9(0(‘* shkete \
>~ ( evankually  Ceoen o skee. ..5\ skack i~ g

=%

Deln T ﬁr& =\ ™en skate e Cecu e nle
'S:{( f‘_ < e, shalme (s M
S

(€ o{Tenca / "C"‘o«\g'\%&_z
\%— '\ Ce_colce~S

C%" o ds we  Yest %Qr
= o
Srang S

| #usiks o skam |\
= \‘\::Q-; < L

A

2. Discrete time Markov chains Paae 10



%usﬁ‘ R o\ o
\EY_# wledes '\\

('

EK/ 7—: &Lx,\:a\ %o &\
;’ \EX_ &_{;(“{\1]\)%:@

1f

NS

- T 7

>
L___—‘f\"\ . _XS\- Ucae g s +rqﬁ x'\%\sc ‘k\\o‘r\ Z?Q\ <o
—_39( E%QJQL Q e e current —\‘\,\-qr\ Z % .L:> = <D

'D_nga- \\_& e~ o~ Tecoucrendl 'h,m{ ca?(— g’bo.“te ES s e

CXpecsea Wane bekwetn Consecotve. ety o -

FDF“'\*\\}; E va ET:: = ?o\\-;rsk ek ey ek &_=v-\\ X o= gx
e - (

"o~ (2CultenCe. D

T T s Ry & i}.\.&

v ‘r\.\“'\r\i G’

o

Leic \J,qu: #\;'\g\}cs o N + 3E:e\>%

Q. Process ek ot euedR
Mg(:kb s o Cen al ?‘_b . i‘\i\*{\'\ Lo e race val Tre s

Clae wal ?COLQ_%\ wilt LA nNerfaniual Time s X o vRon \‘{;X)(/\

o

\NCIN
' £ _ S -
QY ﬁk:ﬂ; N(‘f B — WO W .
Lo el N
N = = 0x

Trood sicatal @ Bssome ©LA <=

@S NS —= o msﬂ SRR e N

Gs  Deline  So= L% (Lot S-2pal)
SO o L =
~ Do [

2. Discrete time Markov chains Paage 11



oo SCotey 2 & ¢ S(vwo)

Cpodn Lmened- precediay & > 2poch tmemed %“\\W"NXJ&

= S oy < = < S (N | wo
RS U LES o (5N S
—— - N
=>Ex) by o S By (o 1 by W
= WL e A
& = Cx)

. \‘\\\\Q,\ E{x& == e T oren~ Can \>Q ?cu\le_L \DQ CQ'\%\.&‘QS\NJ

X: = min {-XL R c..’& & \Q:‘t&'\r\z =S
y ?cb\.‘\t\a 2 - N ®INW) = N
o T ©lx)

NerdAs3 a bk mofe work Ve does ek %\\u\p\ —%-NV\—-\ QD_

B

?\{-\-\:rr\\r\x —(qb e coitrnce '%\N\{S %—(Orv'\ Ai\\q E\E Ca~esa -E\W

TCS = Lim ? (. N_*,(E? = \
"D t>o £+, \\Ak
=> ~C- = N
= e
Q
Dé;‘) S A cecacrens LaNe_ ‘é R e R 3
EO&CT\\\L &'Qcoc‘(‘..a\r\\_, ‘\‘% \,\.&’& < o
NN e Y Sl ]Rohy =

T s \ consienCe. / Tos. Recocmenca /‘Nu\\ Recoirrnie afe. c\ass

xfm S?G-(‘T\- 2 .
Tae s > L?‘« Lo g LL A '§ Cormuo al Qq'te,w
e N @ oot~ L”k e Kre nsle S

@ ooic~ é;'b CCe chL’GuL e ovenS

@ oo LU &t Ao\l s cottenS

N v
2 AR e ¢ T
- e Y
< @ 9<%
@ P =5

2. Discrete time Markov chains Paage 12



X,\smreic:,\l /?chfc A

'\r\%—kr\\b&
@ The oafere~ V"D Comds o W\ S <;°'f/’ s = =
n 2 S
Y null Ceaatsent
. (-3 \) ® \Je
(€2 -‘T\\Q Qr\\%brm 2. '\r\%'\,\}‘rz fa~Aso~ = a\\= - c;;‘?l
\’ \,

12 alse ™\ fecottrnk

s Tlownsiens l

(Qaémrr\;r\l s ouc oo Qimal 2U€.3_b-0f\‘:

TR % A Wee dod B SOupRci ol VIV s =S
o N S -

[l

(f\_>

\p T(“D\F\X‘\.‘QK\K/ "\\-’\3\ T e cofvests 5 oAl k"\w-\ ?\.Q

NoHas

(- .
@) ?Dg'\-t‘\l@ Ce :gf‘:‘Ll\,\C- , A k{.w\ P\bg'g: 3\.'5 >0

~N=> s

& -C la e o~ QV\; e_ ‘\—_,c.@bﬁer“ Af\%"?" \,\sttb"\

_D_%_EZ A Yarcss e~ o QCZQ&'\L 19< L g
- O\?&C\DQAL y
- Weedo e, oA

- ?D&‘\t\ g ('&L\J(FQ&‘V-

R%\QP\Q % Yoc o S\\'r\kc decafe. OTYNW O S ?oi:.t\\\{ Tecocrent L8
Q&_ve\r‘g‘(\to_& \D.l WLreedoaclkdl *‘a .

AV\ '\\'V“I(DQ(\S(O«\&( Ose og( Erig&\gkg\
AY \ <

C9> . SUTTQ >Se_ e \...\Ctr\‘c RS e,%—t-\w\o{g *\‘\L x‘co\ﬁ Br\QC‘A N G

—

. . . 7
#§D\:X o~ ou- i’utu\’& XQSbQW\. \Aow Ao \:—’e_L\éD ‘\'\,\‘\& .

Aﬂ\% E Sol\ue SC = ST ? L —{-Q': L ?‘_\ \

- ~—> 9o

=ivN= 2 n 7T,

Q: VWhok ts we  corlc sealue %or‘ Te_ g&&ﬁb\r\o\vx Ao’

&L: S trmola X ow | Le<s QK?LQCQ 2 NCL\{S C

2. Discrete time Markov chains Paage 13



M 1 Tousendl AverrGESs

L Plaw o O\c\o'\\'(‘QC\( A e\ scake L%c»o‘ Q_W‘:\Q Sstew\)
2. SLMQ\Q’CQ 3@:«- (=} \o\cig q_‘\o\f&\\“ ‘tin\g Y

. W e ‘SQI. o_;
. )_ o ok J\\\L i\'—\q\ g’(_O\*Q N LLA.‘?‘_, \ 3 Coln. Losses

Ne e e one SowepM- KQ?qu ~ Tees o Sb’c

n Lma{?e@@\h Somxv\{,s N kc_\s—( LWl O - e D

Nl

(> .
N NL‘-\JS ~> E t\SQ\"f\\)\.{
TNl D
\NLUA;@
: >
‘ T
As ne s Tlwe) - }\.:; Y\t_Zu\wLw\., ™ (s called

~<_ Q.‘\S&vv\¥\‘€_ CNe o’k e .
<

C- - S 2> con ak@\e_cofcg Confdenca (~iSecvals.

—_—— 2SNl
As ~— os N TETTY L G =l o T
N> ¢
) — e~se e
_C§_'- Sv?yoit e br\\\( warx Yo estlivake N N . N Ve

O\v\ eaQs\ecr \(\'\-&7\(\'\\: A, ?
Me}é‘\a&, 2 % /\—;me—o\ue_re\ 3(
L Piee an Q(\Den—qu LAalGaN  soate
2 - Sk.xv\o&efvg__ _‘%—Qh (= &O\r&L QNDQQ\:\“ ﬁm& T
3. R{?crb =

"'“_TC"“&—Q\JS
3 NENCRENPNE

N e, D

W LD

We  welld Uke ks Sax °
Liam _ﬁu"\bmuﬁ&" (V.o = &Cw) W\

N e

2. Discrete time Markov chains Paage 14



'\"\__\V\ °. For SN QCKQ&'\Q qu}te—m "(\—\ < Lase e O\\.quai

T . eas e~~B\e
N T = G = veE
N>
QK\S‘CS 5 Q,.\é
— f(,\-«L—aJZoq%‘- x.S- — Case~\e
N 7

_\\'\‘3\(‘ '\S) —%w - aleosT oa\\ Sa r«\f\?\k —\>O~‘\<\\S oc Ceal\lzall ows 5 T\’\& _t'\ o~_
e R‘X—L al\onw 1 Pk %QN\Q\L P S\ Cocuer %_z.s & e ens CPNAC S
W

Cis € ~a &*& .

Remads t The aboe e fael how egediarg & vl
Ae_%i*\&%— e o DOTAC s . '\nQ_a.\_ac;\\aL\l—\—T — o\(:ec\oé;\q;‘c\( ~ oS-
T cosren(e Aoonkee  of OAD&\Q'\*\( .

Q‘Qw\g o % e sewm \csrxi “Qr\aui\’\ ~ Was  we r~eo~'s was

Y \eae  @aoogn Cs e sgsSe (eachas Sbeoéx RiceTe

=> Nles | ) s e Sovenle »%cvw-\ S‘uib'\ov—\o,\r\( — Azhrils.

(6

Do coan e auo\com"veﬁ ™= U was  hote So VW

%&k o~ <ol o~oc 3 S \e_

B \WNe coe. We  con ou\o.\\da_g e n\‘\x\r\l Toree_ QLQ— e TV

o e~sure K ois &u‘-@q'\c\%\\\- cloce .

BoTr Teese s Q\%eﬂgc,meﬁ'w\i %\&\é ca\ed VerEecT

L UL ATAD oA o JCQQ}\«LiuQ— Ca\e d CoRrw( TRow

’\_\%E Ch<S~ . \*-L\"Q W e =Sacs r\'\utt:,\?\{ h Co u’\)\:Q_A- "

et dSoms (ool speasing) G ot Tea TV &l
T el ons  Ceman e sewee talz
AN cou’e\w\& TOeess e~ &\x}\ro“\**ﬁﬁs Tk s
Comemen Skoke. & = Sarde Resen Tre = Ronary

é/.\ﬁATC\\D ut [SYaN \.

2. Discrete time Markov chains Paage 15



O TCpa~R vew ofF F RS SMmoT™ MNAXRAX P

We  sove Yhak T aexs f%(bm e C\m"\t” s eud\ue ?cmkq\;&\td:
_ ~ . S . o
S5C (o ?ﬁ = EZ_-TCL@D%L\ _likm Ve _l—T“'J® Vi ]
T < v
SR N I SN CL S CO S
= BIVAN
_“\Qcﬂ S o\so a e i~ ARl ON (\? A o Xxs %(QM e \Q%‘t -E'o Qu\ve_
%\"\Ct\or\s ST -8
Considec ;} TR s (Ronstion Krom vemses & ®
le. _g - STLOK
-&Lz?
. (f\)
S ek s vor 7

Y
Y

% (e f’f:’ - . )
,>( . L QD\( D\t _V"\& %‘(&‘ sk Qf\*o\c : R/ \ = f: \ %’\
— e 7
x = 2 Y. %W ' ¥

\EE gLXn) \ Xo:lx

(v
= P %— vy ‘k’\\Q WQQ:VQ a we\lo e o'i_ %— (K\\re.\ R SSCG\rJC

Mo wetwen as (PR 2 B S0\ Xm0\

o mae X (-

ale_

2. Discrete time Markov chains Paage 16



THE EXPONENTIAL DISTRIBUTIC

- e rno;uxs’zcw\q o% Clue_ueﬁ\r\a ‘k\r\e_oqu (mud_e_\ —%or 'Sh\o sizes, Necroctval

Tree)
- W\-{_«\br\‘\esg ?rb?-‘lr"‘c ¢ c:%- ;—KT ALE a\lows w\uée_\'u\l
USL\% QAscrese =ate space
I % X s d\gk'("\\o\)’t(_,d oS Ex?c) el all L r>\\
S EhY
-2 —— " (aXe
A&\s'\_ﬁ '- g—xltﬁ =2 9\ e_ =
o - 2
Al . %f\ - kam_ﬁ: \}(Xé"&\ = \—e_
— — 2
CDM‘\?\‘Q_“\ q.—\s< Ox\‘k\' A —% - Px = = e

™"\ Lo " \ELX’\ = \/%

Uesiomca - Nar L\ = y%’_

beth\i Slvomgd C,QQ%%QQ;\_-.Q;\,‘C o% VoSG o (SO Eg—mr' a {v. X
CTlxy = e CxD

Q=% =

.

Co

SL'%KQ— - '\r\\_vo&\o&ﬁ ~easwlCe o’{)‘ A\{=\y¢ ;Q,\o‘\\;k\ﬁ \)

Coon xe Exe D v o = L

IKAC\;\'EQ»\ % Ex@bmgrit\m\ AT v e e lllroswt OJ\QLDS D‘{L
e C\Lo e v Ak

Consdec = Toc C=0,2.3, . , e %\,\Tq Coin oo Llrmes t=0CS

WAL Qoccess ?Cb\o P:C%&>

© o o ¢
N S S
X = Teme oL\ %"\(‘&‘c SO e Sy S 3 2% 38 a®
Ve
X

Pl X5 > = (% 28 %))

= V-\( Caam (A > D

t/ - O -—Qﬂb
= (Q-asp r 2 e

LS e\ e wee hopkol & Thde Trpore®al as & et

3. Exp dist. Transforms. Poisson P. Page 17



ProveeEs

O == ONST
\- V\e—”\\'—“i\q\e_}s ~e =S
—Als D TN
VoL X > exe\x2 €\ = — = e SS?J\YXZS}
- e
e
ﬂ{o\r\\(\ﬁ: (3?( s &\35 S AR Aoke s /E XGL%B ocd o Q\C{QéT
\D-Q_Qr\ L~ SeCWNCe %u- ESeQ__) s (ermanning  S\z2& s <S&\N
N\
o~ E‘.x«g D

2_‘ M.\ ‘-\-\ [aaN-Ta o\

e% "u\de_?{‘\A_Qr\E @_x?u\xa&bq\ C.u. <.
Lec X~ Sldd

X K, o~fe I~ e~de
XN X, 5\ Vo Ba =

C> Y o~ S CANAD
@ P U= XD = A
AT,
pe: U U w ) = Tl X2 € LX, 20D =Vl 2 e\ Bl X, 2 €)
- T N ©
= e e
— (A=At
= P28
14
X\  — ————
Yo Qs Poe 09( C S~ %\\??V\QX
%‘Q‘— &4¢\ 5 K')__ N — .
Vs Uloan XX, RUp D = AR,S ‘

R,= A3
P X e W | aitee X orX, fupvo

- A'\g &_,Q
AS *N,L8- AR, 87

3. Exp dist. Transforms. Poisson P. Page 18



LAPLACE ard TRANSFORMS

- \r‘O\r\sZ\)(-btw\g C&?k\:\‘t 1(\%«;(«\& to~ abood Pre  mmon—endS Se-\u-er\tgo:%
d/"&k("&:o LY NN (N o Suvcew~ck £ ™~

— QQ\JCQN i~ OuC Qr\q,\\‘2§$ 5 \me >\ neeXM s add Y.v- S

= = < C"L-B = o -
C= A~ > { F G 9T (>
q=o
M\/y/
Conua\StGen ¢ _'g_ = g—,:é {iB
[«

- - N < Lol o N %
; i\\S LS ne sy N A Nayy LSlon Yo c\a box ™ J‘-(“OH\S%NM
weeld v - S become s ? R ilg e n\u\t\PK\ LQ..'tC o
- ?(—Q_%‘{(‘PL,A_ skr‘ok.eﬁ\{ °  Comveclc C\\o\?m an~ -\< Sl~ogarny  OC
B‘CQL\'\C\g‘C\‘ . (eculrte~ty o J(—('D.ms%efr"\s =2 Sc\ve —%'Df
)(_(—O\f\ S %_Q o O-% _‘it (0N gx&b&“'\ S5 Of¢C \!\’c\:\-.t\. r\a -t\. e~
=> <¢c°a«\'\z_g e Al %com )T'(‘O\r\s%'h Crn /r\umq_\;"\ Qo\\\\(
et -
Loo\ace Ncansderm (oo, Lagace-SRieles rongfoce—)

Toc o Aon- negalive.  Cue X , A l%br‘ =720

Lo = =LeT) = (o as o

Cscovmole = X = Q@ D o
( ™9 ™ur = 9y 3D
5

?(‘D?{rh 3 o‘% L_QP\QQL mms—%—crcv\ 5
WD OQX (> = 'X_
- TR 8 a R AN %e&o\ Qotr\;t\i e %or ¢ halions .

- Ase owted s save @—Or OnEns v Contba~ts.

QD Fiadsa 4 TMomenks.

CD!\%“\&.Q—’\J-. OD
_ —S% -
d%—s OtXL33 - O&—x e A.K‘beb
2 o elx)
a
MD(‘Q a&‘ﬁf\tr‘c.\\\q: é_:" JD\XLS') = Q—\)r\ Ei X‘r\‘l

S

3. Exp dist. Transforms. Poisson P. Paage 19



G dak 2= X+ & X AX

Lo = L&\ - g ) s pla el
= ixLS> ot\cﬁiv

Q} i"\k \< ~ (\?.D-Qf't\b\-’k\.'\ L?B
Z = ><\ 1{\(;\’\5 *—XL k(}f—"—'—bf\;

= X X x x, (-

C \(\)Xz_ ~eed Neo\o Le o '\r\é_e_?eg\d;ar\ks

NN L > =

e ix\tsj o () iXLLSD

—sX\ ¢ -—sx,_L\"\c3
< e

Ye - (Lsﬁ'\f.f_(

\!

“s¥ X —sX, (=)
Lo 1o
>< X

— sy — SR, 'X
== P < SR CR SR
\o"M 2

- P ix\(ﬁ)

2ineac¥w¢ u‘%

Sxpec==on
- f LD

—\’.\\'Q Z_'\T(‘O\r\s%ﬁ‘r“

- %‘Df\ Al ccee — ¢

ConuelGorel Yo vie 2- -’vrar\g—%eﬁv\ nstead
bf( eEQ-v?\Q(‘.-‘L C-Skele ‘\{S-B - co.\s&(bf‘ ™

c Lew\?\u P\Q'\{
\"0(‘ NS~ (\{_&Qtut Asceke ¢ X X Z_&q:

RAES N
lc\wga o A IR A

~n=0
Exaw\p\k - X C\{,Q*"\ L?j -
Coyz> =po - 28 = PZ
n= \— (-2
a
VeoperQes &% GO =\

(Qr\q\ 0'9( OE (o ——\3
w C’:.\XCD'B - ?(_ LXZQB <J_Q’J\O\QQ o=\

<
L Lo _(3()@53)

3. Exp dist, Transforms, Poisson P. Page 20



* \/\br\«\er\‘vS %‘(bm = "Ar('—OJ\S—%D(_rY\
N

_ A —
Cbm%\dQ—( d—___ G‘\th—:j = l__ ?r\ ((\ Z }
Az N=o
QO\SSQ'“‘“& ™ € Con d_-\f&e('@{t‘\@kﬂ
(-«"\S\QQ L O E T v~ \)
2 e = 'L
Z =\
(2 = N
Moce &ﬂ\r\e(‘ox\\\r\' . CAX(_Z’B = 2..— K\71\ ("\ OEIORES kf\—-‘F:-\\\\Z’
nN=0
(=>
= @ L@\ = \EEXCX—\BLX—Z)- - Lx—w«ﬂ
X
2=
S N (A
ney
=32
\— (-7

3. Exp dist. Transforms. Poisson P. Page 21



THE POISSON PROCES!

- h\osE cesolkes e ?U&oe\mi _\\\Q.Q\(\\( (‘e_\x( o~ ?o'\SSBf\ ?Fou_s& as

tRese_ore Some tetedt worE o~ gq_\%_
Mb&&,\ o'%— [@N SN\ o\l -(:(‘OCD_‘SB D'% Qb\cS ste\\a o \D‘\%— Con o_@e\)@e‘\k arsivaly

~ Oce '&Jit\%ico:(\a'\ S e

Pola- Nk e e _X_ﬁr e "\trk‘i ~ LA Cereal

Proatses Wi fake ) 3 Thea as oo e e qiﬁkﬁt&d@(
—

*‘r-o;gg%‘\L NS ?0'\155“ XN

(‘P\.\n\ ocloal Cesolls (s meste Qenecal ond onlg ~eeds e yenewal
?\—o(_e,%%o_s e~ we \_l\ée_? e~ ek >

Sore éﬁ-vif\k\-,:ti ons

A soesdasTe pProcesy {NU‘C\,tC_—TF\

U~ s o Cou~X ] (el s §'§<
3 A}

N ~Ca\se s k\smvg D:’% N ,X_

Coy Ras iedeperdects ncremendks & Qw&ﬂv —wts\> SS lndepend.
& (e, wes)

QC\3 Neas &lt_olubv\o\cw‘ e endky i%— QN xS —Nk$\> s

LAVOCarle Yo S

P&%‘;\_&—_‘; N Yoiesow PSS AN catel D\ &?VQ\\ N

G- Coontl (\3 TS Ce s AT

W WNE =o

Q\. b < EQ\JQT, ST ¢ LA CCe o~ Q_‘\{Cﬁ
Ay e~ §Q‘?e ~e X (T e g~ S

QVD EZ2 Acciyely W~ o~ \nXecygal 0% Qmiﬁ”\ frb\\g\,ag T ‘YQQQXQALA%\
e Ui an i o

NSNS QMG:% =) = ,\O:AE Q%ﬁg\/f\\

Nave t = L) = Ak

AN \
5\\.@4\C_9_ N g e oave

Dﬂ%‘\r\\@ on ) s USQ‘%U\ %Dr ?‘\D\"\r\z o~ S Process s 8%
oc %‘Dr C&e\\aro.h‘z'u\a Yo obhwe~ ausciyal prowases qu NQ\:Y:\: 2ee)
B{'%\r\; lon 2o below s u&egiu\ Ao PolaL koo~ |, ord —%::—

L AT ~q o (\7(‘7 (@2)) o lFuall sKl=a.

3. Exp dist. Transforms. Poisson P. Page 22



e a Coo&t’\r\a Y(cx_e}&

‘DQ&:L: [’S\ /\70\S$bf\ ?fDC_Q_,SS w‘\% ‘(‘OC\YQ %

W~ RUR- Ex\) @29 \J(\‘QQ_(‘QCC‘\\)OVK TNaexs.

Llevnm ¢ Dedanliens N R 2. oce QC\O-NC_\{N&

?_rjo_‘gj © Deln \ = .be_gv\ 2.
inTe ¢ odanual _b\“‘\Q

dD\a_;Q. _CL e e Cv\'\
Yo (DI =) = e C = T~ —-_><§>Q3)

Vs\k 1\>t§ =
?S\ k12_> sxe\z, « Es,s—‘c\«'\B \::: N s LN (sxey =\ \ ngary\\:\\
= P (NG& =0)
héit e;—At- = <, N4, ZLNEXP(A.)

Defn 2 = Dekal

\We. N\ Lee e Coan S(K\’Q’\ﬁ'\'\3 Anals OQ\\ %Dr E’x’? (xS
D Lo e U Aieqe ik, exhaotlive (Rervals of b ageh S o

S

e_> S—

S — Y A—% A

S S

a &mcﬁm %cs\
PS\ Q >/ 2 QLC"-\\-\Q\\‘S LA Ou g——'\\\j?{c\,o\k 3 = © LSS Eﬁ,s; sg:‘::\(:kot_g°3i
?J\ L7/'Z_ alrvoaly i~ q‘\B S eRrualy = % ol = OL\\ L% :7:::0 &%3:0
Se e Lefnz o WX ?rmbq\sutﬁvb - oD NL&B"’KU\@/&Q@)
2 ] L-Lﬂ'\ _—b \' = \
Moo use Sirtngd gt * 3 o
e

> ?b\ Sso~ LA %3

v (H 0 =

L> Cansec K‘QC\CL i A e G Gon

Q

There. s olse a  ThRica O_C(u'wo\&e(\t 5 O\\H\Quok\\ St&mlﬁag\\( Mot~ weatk=edr,

T v
Dedn 20 A Toissen process voiw cate A s o cooling P rotass e

A D =o

) i\&e?{;\ Sreds  \nNCCe omenSs

3. Exp dist. Transforms. Poisson P. Page 23



N
ocdAeclinesy oc

T N =) = AT 4 (D
Poo C NLDZ2Y = (&)

olrluals ore ax o tine |

o W eratr tactesenS
. &

‘\jfo?qf(\e_\ of  Visson ProcasSsed

\. ?D\SSD& h?,‘LQ\ NN
N = KPLAD 5

NLL"EBN ?? C%—,IB ; N\A_Nv_

Hen T w\e_raﬂ& ?mc,e_is
NS = DGR N

Y o Vosson QroCess =Wk (ake Q\—‘r %L>_

N\ ﬁ;/;—-/
L
'Pi\ ° -C\"* E—:,\-?k[/\\s S Z—LNE&?LA-&> [ i_k_éi_*_u———w—"

S A S TS
~ EX’(D LA \”\_Av»

[N

QR OL%)T.{(— Ru_cNn NI Ogv N, bt N\, TeslcacrT

?‘STL . N, ~ ?biSSb'\LA‘t> Bop (&S = ?5&&36'\ (Dnt>

&' Poiss <~ (A, D o Rotssen @ S vb'\slbf\ Q @ \*(X a)'&:_>

(nY

>

2. . ’PD\SSe\g LOLT \\)C_\ N\ = x =
. 2 Te. T
—T\r\w\ . Q\'\\I{r\ \\5&‘%\ - ?? C?\-B J \‘,t% N /E < x = > >x X
Clne 2~ and\() . L"’"\ L L
RO~ kK 12 narke A *‘&?L ot .
" < =< =

Trob ¢y & tpeer =Y po= AT

A §-inkervel

K)_%:: _:Er\ltk:\:i\\{-\‘-( VAT Cana %&;\W'\'\S = ?TQ‘TOTU o~
N comes healdy \-— f\>rb\° Q&} A Yre naclced oz clesy \
V= AN ch\o G => <Qoccess ?CQB.%Q(_ N\ e Q?\ &)

ecarci gl Twes EQQ(‘ N, = o b% Q\QQW\L?> mony ek
Fep (0 ©vet

S

3. Exp dist. Transforms. Poisson P. Page 24



Yo Qe_r;%ss Q;Ae;?a\hﬁr\u)\rb& Cenece o &eji_—\;\‘:b'\ar\ &__

P_s\ L \\\\(_—k) = N, NLLJQ’B:- m,,\ :i'?r (N\L—Eﬁ =n, ;\Q,’Lk\:ﬂ,/\w&_\:s?s\&\q@:\}

NN o

= —\—\r\2)> "J\ \::’“ e_ L_":D
@

{M‘ Qe ) & (&%’C)

> CI\A-L(\)JLNA—QN Veistonr  A1nv el ey

2

2. LRTeRMYY

—“_1'\,: L Aen,< <A e & be The rordeom vanel\es d,ews‘ﬁr\f)
e  lordecea acawal Wmes fpr a VUV CorndT oned o~ -[N G =\<ar}
Lok 7\\ , X,L

- )K\c Se a ?an\o’%ot\ur\ oﬂ)r A\,__)A\ﬁ Qk\b&@\

Ur\\%orm\\Y ol oS a v

AEEN {7\% are. LA U«\‘&Y/DJCE Ondnm Vaiiab\es .

Cora\\&ci A\ W Amabution o A M, Ae has d)q.\&\k(

-~

\ A LR}
§ (oo, .-,y = A I~ Y e-dleesionall 7ua\6r°~r\’c

—_—

S Qe 2,5 .- =acs€

‘E&_Z The coc b\\wQ s eaxiec Lo prove
?(tﬁDKA\e (o\\,o\\-\-\\\ >AZG LQ\_L_,QL.\—\.\S y e h; c e\é,c\\ B \N(_%3 \F—\>

:ES\CN(Q‘) 1)) Vs\(m (a4 = (q\\:\\ ° (VS\QN (A, - N (G4~ =0y -—3

— Ao —A(OL-0) - QK- R -Alk o> PS\C‘Q Kb:b)
= e (2w e QW ... e O e
™" QOT [
—Ac <o ’ =
1 - B W
Q__Q' < Q,t)v-/ =t £5 ()

D onne G\-Lc\m*q\:\?,—qto‘\i Q%’

\. Qevv\?m\-v\& Y olsson Crocess
?‘Q_\Qx e CcooXin R TCOLLSS ConeXTei AT

- Q\L?\D\C_L \'>Q LA Y\\]Lk I\S\’**\QS

3. Exp dist. Transforms. Poisson P. Page 25



C..ow\?t»—l'\&— ? ? = [= N AN} cl..\s %ﬁ\\.aw ‘?? L}\B ‘DU’T QO\Q,\'\ oy T‘\\Io.,\

(s =« o of% Wze \[b

@ Nea-sRaQeonacy VT
Relox halomardy Lo = DRSPS (s Noissen
o
Alantleued LAY mean g Al A
S

ALU..? Loalelvsall (,\‘ve:\s\‘v( ok Te w .

®- Do Com v=2 Brmo\oke. o nea- SoECanae ?? ?

A fak N > SZ? F\,?\(tﬁ'\l

— gLN\a.“(TL cl k=G SO ?? Q-L\—‘B .
- PSC%?‘: e~ octiual ak el AL TN oels m_AL_)
AN

@) Brownion rmsRon
- Relax Cou&’(\',\& ?mc_q_u VLiuttQmecx&r

- NG~ NL2E, =T Z Notmal AATile veid~ reagon

Ar |, Nesionce &

> Brosnian qdtion hot  conkinvsos Samole paTS

3. Exp dist, Transforms, Poisson P. Page 26



CONTINUOUS TIME MARKQOV CHAINS (CTM

\f\l& Wl @xlterd whok we Erow abordh Tty o Ko dq_ue_,\o? O\F\Qx\\(&'\s
of <.

R—&QQ\.& E

D-e_&f\'- oYt Ts o

Aiecceke - twne d,'\sc}ﬂ_h(— STQQ__Q s ?CQC_-G_SS
I Xeinemt  saelng

Tc\(xr\-\—\:\-ﬁ er\r'u I T JY°=XQ>
© Te(xoma | X =0 (Naday Prope)
- \)L\\ L S‘CO:G oro\r;-gxt:\
D—\_—V\g AVISNN C,TK’\ Q

O SteXe frasifie~s ak {2 g W skoke NronsTons S hogpe~ ak
Q¢ t2e
WS> oOn QuetNg sk ©n skelm ¢ owoe

skay %‘ob\ C\{QN\L\——?LO Tome
ha -P(w‘ g‘co_tls(\&“‘-g oI
@i b

&S Hocs s yion

(5 on @y ik Ko shafe. ¢ e

skag Ko an Q.x(?DNdJG\\\\K A

pm T

- :?(Qr— %‘C‘Q‘b( SIaSSEN <y

?(rs& TNe '%DC ~~a\_ de%—\t\?bbf\ 5 Then v W0\ see ko & Lnitutblu'ﬁ\‘(
Thick, abouXx Cx e

% T A Y s o codlGruouns Tane. A ccele S.YQQQ AN

P e sans {Xfc : tZQB Sdt:\&%‘?&'\r\& :

?J\Qxé:»rﬁz;X\XS:L’ S XMCXD\ > kA&S)

= ?3\ Lxgs ZQ\ X = LB CV\O\(“ko\r ?*\?)
- ?gss,s*‘:§ QNQ\—.C{C‘\D'\v

. (Seationowe™y)
S

4. Continuous Time Markov Chains Paage 27



We wal\ QN\Q ContoNn  GUARlues i S ws\wy S MG Lo
—:Kj oA\ ’\DQ'\'\\— ocuXk wWwwNeh b% e watioos = We ws  a\owo

Ooa - SEG s RN '“&am@\a\;%cfﬁ S

Lo —LL =z Hee oG L e avos skoke O t&\\){,\ C,u(au\—k\ra
o~ <

oo o Coflronves Rewe A+ Tlackes ?mgqua - sscoftceno@-a
= o = EX'\?DV\‘%\\GQ\\\Y As K bute d

(E_%: < ?o\ &LL‘7 Sl \_di?SB Ef\?s\ L Xtud = gsu\iskt\)(@):i)

0_<U~35)

- ?-’\ ( X(luw> =C )sauss*’c \XLED: L:B Y_Y\O%(‘:;\.}
ighc_\t\“ﬁc{\*\(x

= Us( Xws =t , 0tusgk) X = )

= (T v

= T s W\{N\BV‘Q\QSE
2D e ted, ‘Ex? o e

/

((Daonei=_tiene))

— A %QI,A d.'\%%zc e~k SRS o << CTMCs
CSW"\L ‘aaaé ——%ur WO o R,  Sogme o .%or a\o\\(‘v‘ “Qb C\e\\.q)\a\."\ U-)

o e A (ests w\a%\ : E\;Q_rk Tl e <decr Sta¥e ¢
QO Spand Txp(( V) Tme befere melsing @ TrontCon
@ On \.Q&\J\rxi Late. L, Ycanzslon To late |
SN @b abdine (\9;& Q@&Eﬁi— '?z.i,zbs
Thak (s- @i @

(D) S0 Gmer

4. Continuous Time Markov Chains Paage 28



Dedn - fex {\f,\(li be e ducede Tee process ok e
S‘LT:Q\QQ DPK dotte’  NISvre s b@ o CXYC.

SL\(‘\'& (s @ DTITNML Wi ToasGon  pesss L?q\ and 1y Cel\ed

e TEedbedaed Yoadesu Goin (Eud Catcesponding o CTRC.

e A %‘wts oL Yhe E’CQ_YCQNQC\‘ Alsd b%— 2 TSV based on
vwhak  we  edn €A \FEaew s
%__b_gﬂ_ We erswo how 1{& Skq‘t\br\orn SIS —%%PH\K

ebedded TNC &= ol ik S

T 2wV = T =2 T, Vg &
c',v-’g
ﬂﬁbg 2L - T Y, o \rg, \(‘\ \r5
cTnec

Py Bl S WD

\' Tee xte_,v Of( Tre =/ sireXokrea ‘=4 \—_—',XFKV\O\\
‘%"\%‘Q%——brg giccat‘(?_omara A\g’t('\\o cﬁr CT AC s " (,Qr\iﬂﬂ"‘:i&&(ﬁl o
) e,la\r\kes& Ve Lo DQ_ >

Lelc SC be The MO eGonae dodsrdaction

R
Lemg™ Llasing = W ok 3%
).
N}
S ob STt e e O
e - T "
—ig's st

4. Continuous Time Markov Chains Paae 29



Leks vocke bz NN 2 < Lo TR < ‘%b(\"f\

2\’5
5o, =, ST 5
=)
. =0
257

..
Lf—————’_\( J
@ = © L(\%; &\te_S’\mo_g\ &QNQVQSCB('
2
v

AV
oR— M raffe_ aaXaix

S‘Ccnvav\o&\( Aigst L T\_-@ =0
frw\ oL X W C_

‘ST(::\

<

QA ek e Yhe (ow  soms Xow Q 7

A Ty = 2ty v T
N 3T
N Z?L§ — )V = Y. -Y, =0
#

_Y\\{rf_»%brt @ S aoY %\3\\ Car=
= e no\ Lpale s ol e me

RQ_“_\O\(-\L > Se %ogr wWew V Ras SN 0&\-&\ vs e glchCu:\qr\(
AUXRCBSTEon, ot Tre JC\«\LWQNSQ&% helauior,

We Al Ao ko thig &\\ur“(\\l.

Remade o T sduing For T we oy vsad *he faer
\

I\ Y_ ZLX = )—/z
T;% we  allsw Z—L Ao \oe Qr\& x&m{m\ Lt botSon, \we c&e_k- a,

St - Mardksy  process Csmamd

4. Continuous Time Markov Chains Paae 30



SMPy  are Gonliasony Time. Protases  frek afe ade Nacesy

Asde 3 Nockoy e al protess (s o Alswele Qe Markow process
)

(Q_{?(‘LSQ:\EG\@M b% an SWKFY X " = L\f‘\ N t\(“ _\\
A T
Staxe o ?T = skare o _g- e 3-&\0_?:\\\\(-
Macksy Renermal =\WC 12 GRS Wouve o sﬁaur ~
\:COLLS S

Nree  wWerkn \g‘ _
LN ST H\Ks Q\\owS Z_ o Q_Q?Q‘\éx o~ \T“_\&\{‘\s nA

a =\

[

Now e LN See Onother ew That e\l be peoce u&e:%o\ RNZN

‘&\\'\v\\é‘u\a abslk o é,e,K\r\a &&Stef«\s as M.

CTV - UIEW 2 (Bkats Q(\o\ci\ P a Qeetess sk -Q\Jux W voe
ectver shkave
QY o\ skakes OSI\Q_(‘OL’CL O~ U\dﬁ_?q\&x@(\‘( Ex\?, Wenear
{e. ok e e gﬁc\omcﬁve_s K\QN ‘E—_xp LZ);\:\}_,KB

9 e
(@ xb»: i~ v 9@( T = i RX\J&
e

A -‘T\"\Qr\ )('(—o\‘\g;nb,.\ Jcb Q = O&‘%ﬁ\’lr\ SA\XK\
L=

\l\\\r\o&& K@ & wWew 2 7

Al Eed - N TonadRon, S o Oodso\e.  €uen™  in our

N
Sax%e_m. L3 ocwval ot
LT} uwﬁ)\et\g,\

7 AReaA o g~ f'%fbr-\
3U&Ut

4. Continuous Time Markov Chains Paage 31



nRemarcival tomes
Afe lndepe~denk Eixe Al VosNed
1%‘ secuice (‘e&_,q'ux\erdr% SNSeR \ v B R

'PQ_tCQr\CL Re~as
Thes e ace Mo Tr—ds [N Vieses -2 -

TonsiTon %ﬁw\ L hagpes et do el eueke ek \r\ag«{enx —‘(\'a\\

Clalm. : VNigwe A &= New 2o
Prencste Peod
KD vew 2 = wee M
Cecal Ko = Sl = B WD
= L= :h N has Ao ExelZ2ie)

= ¢
e
224
[
2 e '_\Tma&;xt e con J’(ug\v‘m& v oclh
V& w» L \_ll\—_f'—ﬁ_l.
s S
«—> &>
— Y =
Tou(soceesy « S—%b‘:'bz )/c',& f(@\’ SAeged et Cotny j)(c; o

< eate com 4o
f\y‘:\('bc"‘“s\t;w\ o S\%occg_S\) = @,“> < 30

(Svcess Reoe | = PeT) 8 9D
= ?h( reamnsGon o h) = @“ )ng Re(s Ree WO L “> (2@5
=z 9.8 P (reamtton 2O = Oo( soccess Ao §
- Rolodasker
rese)
=@:® \\ (-2,
K#43
= Ztt\& ~ °(§>

A s S >0 e ol ot TXesses  Conve (R ~ AsktsGon.
0

4. Continuous Time Markov Chains Page 32



The o= %L}V,?\,\S e QeSS Ll CecYher f\e,uc\iﬁg o\;ﬁroqek )
Sb\Q\r\\DB ‘k’\\& t_r\\a A_Q_V{\AQ!\‘K‘ ‘DL\/\O\\:\.OF U% a\C.

= /Avyerbx'\moft& C_v Bt} a DIV eohere. o ‘r\OLﬁ)U\
QNUQ L - e aXg Qee. o Ve soccess Tc&:g @%9

7~ ~ ~
P L = [m® T .. )

be disktls ol Tare € Tl TN

N %'\r\S DTN cesd\S o

~ ~ 2 ~ ~
TC (=~ = > "\? = T (xS = )\L-J(_t—j Q%&
LES
X %L (= Q—_VL.%>
a — D ~
= %L;\(%xsr)— le> = 2 RS Zg\\ — T (o ¥
S
s
~
Now | hzkt\r\a S—=o0 , 3¢ 3T
Ceplace. ba Y
d__; SC (2 = PG @ %\;c Den- doaGenacy
dc

oL ekals r\exc'\*'—d 5 4 T =0 = ST =D
d&

A\ oS & {x?\o;mg Q o o

“ .‘r\%:\r\l.\ca_g‘\w\o,\ 3&"\%(‘&@(‘ 5 c KULS e '\N—'%\r\'\h-;sirv—\e-\ Q}\Q\EQ i~ 7D

¥ rake. maXciw e endtiiey OS( S ofe ™e (ater of SmatlGons

4. Continuous Time Markov Chains Paage 33



?b\\w-\'\l s A mofe woxoliee \ed AN
—eXe Ws

eReaES e, whidh tegqestt o Qe alealen ¢
Lot Wi 2% =0
¢ > 1.2 Y
o
= Z X228 - UL o
= T L?A\ BN ° 2 ri= Y PR
<
_ = Z 1l
@ TC& Z (l:bb - _Z‘_ )La ZL& (&
Eada\

R

(atz \Qe\\,L \

ow belonace Q_C\OQ_GDP\S E W29l = LY

C‘\'Q!\{(‘Q\\\i " BN I><.C o ?w:tf@or\ o% skeve_ U C
=> Z % T Ty T 2 N T L

Le A J& AT SEA e
—_

m\)

ooke. N> A

o A= N

R{”\QC o gtﬁ\l ac To

\H\"\Q\‘T e &.\& \p\\*’\'\ BSRY NC s , we ca~ o
‘\'\'\Qk" %\.DN LQ\\O«\C-L Q_jUQ—t(QNS QCe_ ‘\m%‘%g‘% =N

Soole P Lav

NL'&KkB = £ c_,—%§ Kot T o~y L \‘_’Qat—\
Y

Ny = Coma\alue _t.\m-\L ST-G\—\\— —

ska¥e C 2w~ EBJQ:S
Z N> = > N O <\
C C
¢ e “ < <
S T YT DN o 3 U N r >
= e U <« L =
£ s
—_—

)L\'5 Z 2—QE_
9

C

= = 9t - 24y

4. Continuous Time Markov Chains Paage 34



\Whe~, does, a [_(.m'utf\\‘i N QX'\\t?u

A\ P C\\\){«\ an~  redoalble v nnC

vk X ENHER LS LPe YL e
T Vs = = N YA L 2=
758 N

Tt AV TC{, ' ore T \'\«\\Jﬁc\x ?cu\ps %b(' The SNC.

‘&—\r\q\\\\ (o e ’k_bn\ ‘\(b "\Y\\L "\T\'\\r\i Jleas D—% (GNP ._‘\\\; s Xhe ol Teoni RG..K
s (‘\'"&ra S OL?°N°\L\-\°
*) \ °

C <V —wesn 2

LA Skeon. Qrotess &Q—%v\e,é wa Twhe TeonulGon

Cs. D
SQN\{—%CQ\J? ot P robakilang TeansWon  malcices Z\ ¢ 15 Sk -
(S,s’)

vooP Cuo = A

L, <, D
2. YTor SN Ssust . ?L & -

= < v
-KQT ?Lg"<3 = ?\‘%t—\W N osek | The TeonsTT o SQ«*\'\&@JV s Rewe =

~s ORI ES .
T\\Q -Kt\%’\(\\,l(_—LS ea\ G&Q\QC ek Q (G A-Q%\\Q_& os -RQQ\\Q\@ S
IS )
\ \‘N\ %')t*'\’\) _ - &Q(_ al\\ ~s- &Q, u\\:\g\,\‘&)\\l
Lo ¥ b—K ¥ S (i s s

RQMO\(‘\Q © W\ abeve Uw 1t '&'s‘f o G qux %&'oh ée:%\r\'\c\&
Mok o~ oLy wia Teea - eudShen, 5?0@:‘(\5 S -
Whalk  powims o~ Lhel 7

* { ? \S ovendle 6~ AN LS G o~ %tum < QQ\"\E o <eu c\u}‘f‘m&mé
(s, atated
Sy P = D

P S&?E %bf'\v\ t\.x\QOF o?lrcikbcs o~ \%\-Q:\MQ\\QW\Q& N0\ \rLQfX\Y 39(3.(;\

N I (LN T 2 S T s

ad

4. Continuous Time Markov Chains Paage 35



I done g scou Back ~acd / Tocwacd e R oakl oS
Q \

Ush\z Wens 3 lefc
(&> .
S O Kam 3\ Xs )
(x> S ® © S ©
and Neo i = Voe €4
=
Qt;‘—g) (tj — (S-D € )
£ o
AR dnr by S WMan >0
TR e~ (> o &> U‘-’
(emm 7(‘& - ’\?i"\ L'\.m 2,_ \\.K \<
SO S S>>0 \&F0L S
2 = ot ok
<

Low ( leor c,'i( %-cuc\—\\\ ,Qor e_><c_\»\<>r\°$\1 D

L

- Q-

S eeA\- g(buv
T D?e\—**(

(
4

%)

o OV

[\ >) ?QO
é—>o

V.
V]

= Loxal

coke_leave U

. &> (> Eolmege oy
I?L'(t) - L (Z e ?‘g§ . )/(J ?h§ Rackro~d
3 “z o 67\'\Q-
{e~3D &> (&
:V,A'g we slte S ?L& - 2_— Ym ey 5 owwe W\ 3{6
KDW\ DC 6N
SN Z OQV-) I,?Qb) Ay
. = V. — -, Q). Tocward
\> LQ \ﬁi‘é L\ ihb L§ J ETc\S L « €
&>
L=
e = o = a Te 2o TY | s lZ el g
Y

4. Continuous Time Markov Chains Paage 36



US‘U\E\ LO\\?\Q\QQ teonstorems Ko sqQue NcoasienS  bedavior

ac
%D‘C ‘H\'\S (2 a A\ la Combersse~e o Qeal \{“.\H\ EYD(_ SQ\V\'\B i(%ﬁ
> &> @ rasy & &5 O
. &> &>
Whldh  we yeoeuld Wee & Thide n a% =T &
-EQ: 1-\‘tg-‘¢€-—@1 .- -
(o €S < =
of = .
? < ke~ Converyes.
My e o@promie@i\p  Colfeed: (& Camyx for -Q\\‘QQ
Q_&;Q‘kQ/B
3
= ST = NS e
N
(] S _gb i&’?\qtk AT(‘O«-’)—%QI‘V\—\
Now,  let Wy = 2 T e A= of lo
s -S g -=<
= N = T e aS = TS e & &
o
S
= £ (8- N
= J 7 e At = TS | &- X))
)
Se

Lasen U'\l Q- %\r@a TE %\Loux\\

ETK‘% < = JUEy = WS Y/Q_gi_\

Resclue st w% Ve CTC

I praefice, e W st skaes v 2-Sronsfoom
o \ (£> [
N ey = T 20 = NSy P [:L}

<

o
-~ ~ sk
T dafie N = | W ewe At

N .
(020N '\“\ o ‘SQ,\" s W™ ] mtgg%mrn\
D

4. Continuous Time Markov Chains Paqge 37



-

Que XAk &-‘\,\3 Q<o e\

oS

> RNMANAY Q

Sq_r\l\QL_ Ce_}k-;\('e(\\e\-\'k n~o Ex?w>

Covmsan (D

A WAl v o (rinieel) Mackouon  skee e/
AT Bece s oma possikiliy -
OsRont ™ S’tqﬁ,@):{ (‘{N\Qs'\r\ina w\ze o% a\\ '&b\os ~ ﬂ&t{o—\ (N oraer o% a(f'waD)/]r
(QW\OL\(\'\(\S Qe ol wext accivual
C_Le_qc\\Y s ods Meekon ) Rosoe 2uolstion s Complately
cpeafied by i deSalled” skave  descripler
D Aowe  we hauve kase~ el Ulew o
. ke ogctued LX)

-
v Li2e 0% x S‘)b s QAecdrl on Qi(\\m\( a Si\ze_

¥ e s D\CC\UQ\ Twe s decideld o cotrank O\(C-\\)qktmk

O_i(’_?ti’\_lJ: Ve cd < RSN e 3‘%\&“
ese we <xplait the ?co?{v’nd of Ex?oner\te\ Aok ;

(ol ok oexfs S —Weruall g < (tt D e SD\D o SQC\TQ‘\%’\'&}\Q‘S

N 2 (A8 o W ecatcival Wre,
2. QK’\D-L‘_QS

i ”'?-Q’@’w) &) No euenk happes

_“\{(‘-L»-%x-g s Ek-’%%\c;{-\‘c Lo POl G
srta LS = MO = # s i sy vGe ok T <

C\ro\s\\'\cq\ (-Q?CQSEN“QQhDr\ ®J\)7 T D

2 5 A
AN D >
@@Y @@/ @ i ) i

NoXe ! (ohds on 0 ol e fEs | neb oowd=abilton

4. Continuous Time Markov Chains Paage 38



Q- Vede s ‘V\m @— W\Q\V\‘\m‘?

A Q = -2 A < o O
| DN "L}Q—VM7 )\ @ (@)
A —(Axed A
A ~ B> A
Sc\\;'\mi .%—EC‘ I "
MLeod\ Dse =0 = AU = e wW
Axrsd VO = A TS v s T
@>w S = 9 TW +~ W KR)
\/\{3@\5& 2 . Lse %\D(—! ba\e~ce_ acreny  These d@ @f_\
CU\S
D ATUS = T = WH=A T
e
A NG = 4l TSR =) D= 21 )—T(o)
A RO =R = WH=ATUews ﬁ) U
A A
Z Tik‘x)
N

z —
=\ = T_L@j;\k- %: %@) x x =\
= TS ——Q— ’3;)

/&:'U\o\xn§ O W Q— 3\:) @5

E.x?c oved 3‘<Qqé\ —skake  HOEPS in &Qxbmm

SE
e = L) = Zv\ PGS

D r ey ey - | 2

\- A/
2 2
\)*WALT e ® Sz ax2a & 2a x -- ‘
S = OLL\—Z-D\—S,\————--
S (\—ad = CR*cul*_c?x-_ :c’\/(\-o\j
S = NVi-e®

4. Continuous Time Markov Chains Paage 39



INTRODUCTION TO QUEUEINC

We Sovae  ODNa ﬁ‘t_,-.a,u\uc\\ &‘—Xbb&rv-\ ~ tha lade  lenlTyel

"R 0
[N —

AYANYAl 7uf_b~& i~ Rendally nae=lan .
) ’l\ K # Secuecsy

Secvice digke }3./
4 °F size vl

\ v U \S \~ (.\ker\ (&N [SWaN

accival
process

ascwal oot / Sexwite dustas |

otk b\?tbf\s :Eﬁ('
“\Qm%ﬁ\\{ss /T’\&(‘\ﬁw'\w\ (:/>E><? \..r\t&r&(f\uq,K/&Sa Qi?-t%>

[NAN S
© . Ve Se cmimitia
also wilren an QX %\)r KQNQ\QL nkecariual

C. ¢ Ceemecal { o e Lo

%\ vsed Lo agproaienate. (LT & o later

’\)\'\ : YHO\SQ ‘hl?i
=c L & - $k°~°\& Ec\c\r\j

-p‘ B \Ac\'\:ﬂar Q)(\>B"\ Qr\t QK § Mgtore b,% \i EX‘) (.M \.\
S?ec"qk Cose \;:" }" E"‘T’C A

\~€\o

™\ L N O\ on~— s&co:t‘\ Dmaca \J\O\rk-uu'\,ar\

The W e~ all’s neksR o~ - A/%/m} \i/ 1~
© I e

ate ek INCISVAN § T Ssef ey bb%if— ?U\’UKQU on “‘SQ
Process Aiskle {ov—tiuna& j‘ Qor- closed
LSO JR sa &3

O%her o?t\‘. 1ST2N Q,L K\DO«CQW\QSV(FB

% &e_\r\..,ém\;k_i.nl co\e L\,)’% coc TCER) Lea. T C\?cbc_es*su‘ S\-\a:'\n3>

&:L C%b o — KB\O.\.’\>
LCF& L)_q s« Come. F\CS‘C SQ(VQ

X cb ordonen e A&s\'(vk\p/ ~ \,\\(-'\\QT{(\ as ) A V\“ O “Jr SK"

Pollente Tlmes

5. Elementarv OQueueina Paage 40



Eyo\ﬂ\& < V\) C\}‘Z,/L,C,GS RN VN

= Vbiﬁﬁbv\ SR ('\.\\Qk
C’\‘Qr\er‘l\\ < AN Ne . ’Q°\3 SRS

2 sexNeed

LQ%SQ-— C,omv_ F\rS\C SQC\I-LA SQ,\N'LA«)\'\A-\S LMF\’?{E.V‘\(B&\M'Q->
iy S O=Qente.  TWees

@»—’Qb{v\q JCQM\'\(\QLD K\ / V{F%DW“\QI\LQ me:h NN
\ ]S

. 6
N §<®

T /W N

—_—

\

I Lime  awca '&L o~agRe s

v Ng = # it i~ Guae =L
Ao DI

Ps\ Y_ > "\3

X Ng_ = %4 -kb\os (~n Seclce

% N = Nguo x N WD

2. Covoormer - Q\T'{_}\QX{ el s

¥ gasbam tlr-\e_/ Cesgonse ‘tm\&/ SQ§°°rﬁ 't\f\\e/ %\o-o Tome_

T = ic&q,a,k - ch«r\ug
* TU\'\L i~ D\UQUL
= 1 - S
T \

L \55\_» size

M \'\)O\'\'t'\ﬁi Rome / A—e,\o\\i
W =z & -

e ~Cer—seciee ST

G_g = W e e P (g Thoe SQN'\L{)

o L ) et N ,'VB\L 2 )

5. Elementarv OQueueina Paage 41



2. ’;Q'\('r\Lg_s 2SR g

— Nz Vgeded feponse
- Slerten =€ | T e o} sz

odbs
4. Uﬁuggdt-w“ = %rqc‘,b'm\ og Time.  Seuer bv&u\
5. —W\CDUK\\?& LIXB = CQW\{D\{_K‘\QF\ Cale_ o%— &b\as
% A e LS N B AV
Q uﬁh&oﬁt{w—\ = \- T, = 1 = C
AA
Q‘/M s el called AT b%%kfr(_é_ LQQ\A_
() elaw\ = PN Q’Q-D Q:L = € " }
"= \—e_ l
L >
Q- *
ol 7 = "

et A2 %::.r ogR~ s-x_ﬁ,\p—-\s N o lest ot WS o \\?ok—;c\sr'\ua\

vl
mehed Z L (Sbs

CQ,V?UJG ok =W when SOV ng&

= XY= u E\——T(b\\ = LA = A
o~

close a s&q,‘_\
V\'\Q_,J(\'\QA- = (s Mnuote_ &-Qr\&(‘ek /

&i Kindks oo

L~ d oo ey

g L\ e abou T\at—{\ 5 YV X/"\_? t’) 7
Q PN 1RO = A_Q?Jz,\ks s S

0\—3{( geld = a Co \Svuw\\gr—g

. LR\ e
ASANT craf S\ s Jq‘aib%cm W s < IL\L%\S <

We s < ere. o yte ke - Candrcn

2. PASTA

5. Elementarv OQueueina Paage 42



Lower [aw L\A6\ @ 5o oy el Toemt Low\c\.>

7 Ove of T o -j)qar&mw%d‘@& reo\sy Quecen — *‘N&r&&

S Q:th.f'\i

_—

Q‘ o q
P S'Axﬁ_rv-\ __%

Lck\ltrqg-L acr'\uo.k
rake ) N = FE O Ce~ SASJG'M

>T=- R b q&k ‘\\r\:u&\\ %‘-&'U:M

\I\)L AN ©se '"\"\0— j\b\-\u N\AX VNS ~ °;g L-L.

)__L\éc\gls Lans Lg‘cgqéx\- slate \)er’\n«-\B - /\:cr Csu-\uX ”Q(—Q\EAA&.& Sk‘b@"’\
= A =)

Remede - Toc o clussed SN:&N\ @\ ™ &aas

N~

N= % =<\ ~

\{\!& Ao\ ?m\:& ‘\’\.\L ) SQW\?\J_—?Q:‘Q\’\ i € \La bg( L\}(\’\.«fs Lave .
Q &Q“"QK‘L ?‘\k\f\ L \'QKDF-KC;E\U& peotass ‘k\r&.ur'l = E’CE-QéL‘Q- se™ LL>

SQ:E\:Q S A UCB = # Al wels LQ —tir\me_,'b :Wf////"
V/Z4/ /777 ]
Clv=# ComplalTn "Q Tee o V/vs'///7)
/77777777 |
Ty = s B of & el [/ 7T
o )\ /R. +
D«:v\\qu CQW\'@\CH o~
I\ S3ome © RN Al = A Tiree tm-\tL
= © SN\u)c\u’—'
(2N (o]
(TN Z T\) = T {:} Lt T«\ -
NS S=A N2> ~
13N
e howe e < A
ST e Tnede = 2T
\S-:;\ ¥ o -Q"-;\
[GCop) o Al
> QM“3> (%&‘E’) (E T'QB ¢ I N g (AN 5T
< < s e < NS

5. Elementarv OQueueinag Paage 43



Bb G\S%\-NV\(J N AU:3 — ay Lo \C\f"\

Lo

%—ba;

RN

NI Co0 (s arsN\ag

Remock:  Uince Yhe aboue (s %b*’\ a 3&4\,?&& (ﬂ*\\ Co—  sau S%X"“’A

‘k\\L O\S&;w\\?tums. 5 < (‘-Qo\\\\ L Lan,

walesd = Aleed Tl

N

R—&w\o«—\< : \‘\)Q o~ q& N C,Krc\,a-b&t (g WIS °\$S~J~§t‘>c\s oo O &?@4% K

Q.) Co e r—& Adnyehs ( pY-3 NN dxg*cboﬁb o~

LL.(> (YN LLA GUMN’?GGNX

Qll) N Q‘LS(J\'\«?_er\ e% ‘\:QT—S Sl

& LL ogeled Lo Wae oufler \: \\Q

A Elu) = A4 ©ltg)

Q- 1L QWLL& Ko Tha seeyer \

e - \E[NSX = A EE3{3
YOGl 2eBon o

AY

Q: Sa\\ﬂ e cu—\;,}q«c:\r\\‘_A e e &5\95 as Ced  and blue

A \E[Nce_al = A‘r& \EE—\_*’&&

T\N = Ay s ‘Eb (e~ e )_:\.%:5 LQ\,—\
(k> Qn~ O\.C.Cbu(\b (\3 Jr( '\L’\L .

AT = Cevaord Cq& whe g°\9$ PQ‘W TQ Sa ol luaek

N = tewad e whan o= ™9

\ ?Qr u-:\\‘\_ _t\-"\\{ L»DL“'\-L
i.f\ gk_s‘t;_m

QL) A/\_ = # '\Su\:s ek o< Cwe A—\A(‘\"\X m‘-& sQ’dD\J(V\ = N

5. Elementarv Oueueing Paage 44



C:\ 'Q-q\{(“aia\ug)c._b o~y o:it LLKC‘(\-Q:S ]_.QNA -

Qi TS
. . NN
S 3% \\S’” A—“?Q& in e oxay o? Q((\um& g;ﬂg&g_ SeCyt~
and Vetsso~ afcwals =

: .
\SHURENY QU KN—L*\BIX = \E[—TL1

S W = ARG
Sebon ! we can Ve

= AN as A Syedial Case el

>
el s@a Cackridoutes g CS;U:'\ al

(WL CESLES: 1—“_& i~ in\@-“"\ at t}

C\'Q‘\(VQ&.{?,& . G\r\cL\"rc‘c:3 ﬁt\ ) IOV o LN Sv\n?crk o~ Q "o s%s’aw\

Te~e
. = S aweac '
N 2 S - = AG L _mafqa_
R = 2 AW o
QA

7 R

: - -

vllflor 3,

[4
EXO\:\A_Q\JL - %\k@ = (ecma\n i~ LW o

W W '\b'\-?rgﬂy(}b}vt

Sen i &——&_E\NA,E
2 . B
Cﬁ' = Siwix NS o \ >
N Ky 3 > N\ =
trel leyd N
\T\k% = Qr\%\r\\s\\g’d L,:DC\QLDQ\E = \] L‘QB ascival e CAvv—?\G:t-‘b"
-A6 = =LY = A &\f—i&@ *i\Efslﬂ
%5(‘ NZze— \,r\A-P—T-G-\A-Qr\# VQK}LL\( gQ L._\lQQ
Bouwelles
=

W) = A (S ® el 3 \EE&"\B Facmala

QL W cekuen ks ts dee MGJ & WC\‘\L}

5. Elementarv OQueueina Paage 45






